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The frozen conditions of the orbits of Earth satellites are analyzed using a redundant set of elements, called
epicycle elements. As well as avoiding the circular orbit singularity, working through the epicycle elements allows
the higher geopotential harmonics to be included in the analytic computation up to an arbitrary number of
terms until a satisfactory accuracy is achieved. This is important especially for orbits that are close to the critical
inclination of 63.4 deg. An optimal single-burn strategy is analyzed for maneuvering a satellite from arbitrary
initial conditions toward frozen conditions. It is shown that, while the orbital elements are varying, the minimum
delta-V requirement will not vary with time. An optimal strategy is proposed for the frozen orbit transfer by using
multiple small impulsive burns, which are preferred for modern autonomousorbit operations on small satellites. It
is shown that the total delta-V required by a series of small burns in the strategy is not greater than the minimum
value required by the optimal single-burn strategy. This strategy is examined through the maneuvering of the
UoSAT-12, a 300-kg minisatellite, toward frozen conditions by using its low-cost cold-gas thrusters.

Introduction

U NDER frozen conditions, the variationsof eccentricityand ar-
gument of perigee due to the oblateness of the Earth become

zero. The orbital shape of an Earth satellite’s orbit is, therefore,
preserved at all times, and the satellite altitude variation is mini-
mized. This poses a great advantage to Earth-observation satellites
that require minimal variations in altitude when the satellite � ies
over any particular spot on the ground. There are a number of ex-
isting Earth-observationsatellites that have been placed into frozen
orbits, such as SEASAT,1 LANDSAT,‡ SPOT,§ RADARSAT,¶ and
TOPEX/Poseidon.¤¤ Some Earth-like missions, such as Martian,
Venusian,and lunar orbiters,2¡4 also takeadvantageof frozenorbits.

In the evaluationof frozenconditions,clear understandingof per-
turbations due to the nonspherical Earth is required. Existence of
the frozen orbit is typically attributed to the balancing of the secu-
lar perturbationsof the even zonal harmonicswith the long-periodic
perturbationsof the odd zonal harmonics.Early treatmentsobtained
an analytic solution from the second and third zonal harmonic co-
ef� cients (J2 and J3/ which was then extended to higher terms via
numericalintegrationof themeanelements.5¡9 Froma more abstract
perspective, frozen orbits arise from bifurcations.10;11 The analytic
solution for frozen conditions derived by Coffee et al.,11 however,
only includes the zonal geopotential harmonics up to J9 , whereas
the analytic frozen solution successfullyderived by Cook12 uses an
arbitrary number of terms in geopotential expansion.

In thispaper,we presentan analyticsolutionfor frozenconditions
without any limitation in the number of zonal harmonics. The anal-
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ysis is based on the epicycle description,which, as well as avoiding
the circular orbit singularity, also permits us in clear and simple
geometry to determine the � ring strategy and the delta-V required
to achieve frozen conditions.

In the secondpartof thispaper,we investigatethe optimalstrategy
for maneuveringa satellite from an initial conditionto a frozenorbit.
Traditionally, a ground-basedstrategy is employed in maneuvering
of a satellite, and it generally requires rich mission resources. The
orbit maneuver of TOPEX/Poseidon,13 for example, uses satellite
laser ranging and Doppler orbitography and radiopositioning inte-
grated by satellite data to create precise orbit ephemerides for the
orbit determination system.14 A monopropellant hydrazine blow-
down propulsionsystem consistingof 12, 1-N and 4, 22-N thrusters
is used for orbit and attitude control. In a low-cost small satellite
mission, however, the resources available for both the onboard and
ground segments are limited. Their orbit determination and con-
trol units, for instance, rely on some standard components for small
satellites, such as an onboard global positioning system receivers
and chemical low-thrust propulsion systems.

The strategywe present in this paper is aimed for low-thrust� ring
suitable for autonomous orbit maneuvering. This strategy employs
a series of small burns in the in-plane direction instead of a small
number of large burns. We prove that the total delta-V required
for our strategy is not greater than the optimal dual-� ring strategy
analyzedby Jones.15 The proposedmethod is demonstratedthrough
the UoSAT-12, a 300-kg Earth-observationsatellite.16

In the next section, we introduce a simple analysis of the frozen
orbit conditions where only J2 and J3 harmonics are included. We
then present a more elaborate analysis based on the epicycle orbit
descriptionwhere an arbitrary number of terms in the potential har-
monics can be included.Then, we proposeoptimal orbit maneuvers
that will place a satellite into frozen orbit. Finally, we demonstrate
the strategy through the numerical simulation of a speci� c satellite,
the UoSAT-12.

Frozen Orbits Analysis
The term frozenorbitwas � rst introducedin 1978by Cuttinget al.

in their work on the analysis of the SEASAT-A orbit.1 The analysis
of such stable conditions, however, had originally been developed
by Cook12 in 1966.

Consider the simplest case for frozen conditionswhere only � rst
order in J2 and J3 harmonics are taken into account. The averaged
variational rate equations for eccentricity and argument of perigee
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for an Earth model consisting of zonal harmonics J2 and J3 can be
expressed as1
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These equationsshow secular and long-periodvariationsin terms
of mean orbital elements, namely, semimajor axis a, eccentricity e,
inclination I0 , and argument of perigee !. Re is the Earth’s mean
radius at the equator, and n is the mean motion.

Note that there is no J2 term in Eq. (1) but that Eq. (2) contains
both J2 and J3 . Also note that both equations contain the factor
[1 ¡ .5=4/ sin2 I0]. This expressionequals zero when I0 D 63:4 deg
(or I0 D 116:6 deg), the critical inclination.At this inclination,both
eccentricity and argument of perigee remain constant. The notori-
ous Molniya orbit employs these conditions to control passively its
elongated orbital shape to be � xed in inertial space.

However, for given values of mean semimajor axis and inclina-
tion, to this level of approximation,the variation in eccentricitycan
also be stopped by choosing the argument of perigee to be either 90
or 270 deg. The argument of perigee rotation rate can then be nul-
li� ed by setting F in Eq. (2) to be zero. To � rst order in both zonal
harmonic coef� cients and eccentricity, the required eccentricity is
approximately

e D ¡.J3=2J2/.Re=a/ sin I0 (3)

This is a very small eccentricity,O.10¡3/, which shows that the bal-
ancingof the secularand long-periodicperturbationscanbe satis� ed
by near circular orbits when the inclination is not close to critical.
These conditions are referred to as frozen conditions, and the ec-
centricity and argument of perigee for de=dt D 0 and d!=dt D 0 are
referred to as frozen eccentricity and frozen argument of perigee,
respectively.

Orbital Dynamics
Epicycle Description

The descriptionof the near-circularmotion of a satellite under an
axisymmetric potential can be summarized through a linearized set
of equationscalledepicycleequations.17 Like other nonsingularele-
ments, the epicycle elementsare introducedin such a way that terms
that have a small divisor of e are removed. Although the epicycle
descriptionhas a simple geometric interpretationand greater math-
ematical simplicity than conventionaldescriptions, it is suf� ciently
accurate to describe the motion of a satellite over its lifetime.

The idea is based on using two polar coordinates (Fig. 1), radial
r and azimuthal angle ¸ (argument of latitude), and two orbital
elements, inclination I and ascendingnode Ä, which complete four
redundant coordinates to describe the location of a satellite S at any
time. The evolution of these quantities in time is given by

r D a.1 C ½/ ¡ A cos.® ¡ ®P / C aÂ sin..1 C ·/®/ C 1r (4a)

¸ D .1 C ·/® C .2A=a/[sin.® ¡ ®P / C sin ®P ]

¡ 2Â f1 ¡ cos[.1 C ·/®]g C 1¸ (4b)

I D I0 C 1I (4c)

Ä D Ä0 C #® C 1Ä (4d)

where ® D nt and n is the mean motion. In these equations, a is a
mean semimajor axis de� ned through the conserved orbital energy

Fig. 1 Coordinate system.

" when only zonal harmonics are included:

a D ¡.¹=2"/ (5)

and ¹ is the gravitational parameter that is related to n through
Kepler’s law: a3n2 D ¹. Time is measured from an initial equator
crossing, I0 and Ä0 are the osculating inclination and ascending
node at t D 0, and A and ®P are two integrationconstantsappearing
in the derivation of Eqs. (4). We call A the epicycle amplitude.

The constantoffset in orbitalradiuscausedbyevenzonalharmon-
ics is described by ½ . The secular change in the ascending node is
described by # , which gives a linear variation of Ä with time. The
secular drift in the argument of perigee is described by · , which
causes a drift in the argument of latitude. The long-periodic varia-
tions, which are caused by the odd zonal harmonics, are described
by Â , and the short-periodic variations are expressed as a Fourier
series through the terms 1x for each of the four coordinates.When
the epicycle phase ® changes by 2¼ , then the argument of latitude
changessecularlybyanamount2¼ C 2·¼ . The argumentof latitude
can then be considered to vary with time as ¸ » nN t, where

nN D .1 C ·/n (6)

and 2¼=nN is the nodal period.
The closed-form solutions for the secular perturbation terms for

an axisymmetric Earth where only � rst order in zonal geopotential
harmonics are taken into account are17
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and the long-period terms are given by
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where m D 1; 2; 3; : : : ; l D 1; 2; 3; : : : ; Jn are the nth deg of the
Earth’s zonalgravitationalharmoniccoef� cientsand thecoef� cients
L j

i are given by
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and P j
i are the associatedLegendre polynomials.Although, in prin-

ciple, we can take into account higher-order terms as well as higher
degree of zonal harmonics in · for the evaluation of long-periodic
terms in Eq. (8), in practice we need only consider the term with J2

because it is of 10¡3 order, whereas other terms are of order 10¡6.
The equation then can be explicitly expressed as

·2 D 3
4

J2.Re=a/2
¡
4 ¡ 5 sin2 I0

¢
(10)

The short periodic variations caused by J2 can be found as

1r2 D 1
4

J2a.Re=a/2 sin2 I0 cos 2® (11a)

1¸2 D ¡ 1
8

J2.Re=a/2
¡
6 ¡ 7 sin2 I0

¢
sin 2® (11b)

1I 2 D ¡ 3
8

J2.Re=a/2 sin 2I0.1 ¡ cos 2®/ (11c)

1Ä2 D 3
4
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Note that, in the absence of perturbing terms, the epicycle equa-
tions reduce to

r D a ¡ A cos.® ¡ ®P / (12a)

¸ D ® C .2A=a/[sin.® ¡ ®P / C sin ®P ] (12b)

I D I0 (12c)

Ä D Ä0 (12d)

In the two-body case, I and Ä are � xed, and the eccentricity and
argument of perigee are also constants related directly to the param-
eters A and ®P , respectively.

Update Epicycle Parameters
When the satellite’s thrusters are � red, the epicycle parameters

will change. In this section we shall derive the effect on the epicycle
parameters of an arbitrary in-plane impulsive delta-V . When the
radial and phaseepicycleequationsare differentiatedwith the short-
periodic terms excluded and high-order terms in Jn ignored, we
obtain the radial and azimuthal velocities as

Vr D n[A sin.® ¡ ®P / C aÂ.1 C ·/ cos ¯] (13a)

V¸ D .1 C ·/nfa.1 C ½/ C A[1 C 2.½ ¡ ·/] cos.® ¡ ®P /

¡ .1 C 2½/aÂ sin ¯g (13b)

where Vr D Pr ; V¸ D r P̧ , and ¯ D .1 C ·/®. At the instant of � ring,
the velocity components will change impulsively while the position
remains the same. Thus, after � ring,

Or D r (14a)

O̧ D ¸ (14b)

OVr D Vr C 1Vr (14c)

OV¸ D V¸ C 1V¸ (14d)

where 1Vr and 1V¸ are the delta-V components along the radial
and azimuthal directions, respectively. The caret over a variable
refers to its value after � ring. The change in a can be solved from
the change in orbital energy 1" :

1a D 21"=an2 D .2=an2/.Vr ¢ 1Vr C V¸ ¢ 1V¸/ (15)

which, to � rst order in Jn , results in

Oa D a C .21V¸=n/ (16)

By knowing Oa and using the same approximation,we can rearrange
the velocity Eqs. (13) and (14) to give

OA cos.® ¡ O®P / D A cos.® ¡ ®P / C .21V¸=n/ (17a)

OA sin.® ¡ O®P / D A sin.® ¡ ®P / C .1Vr =n/ (17b)

where OA and O®P are the post� ring variables of the epicycle
parametersA and ®P , respectively. These equations can be further
rearranged as

1» cos ® C 1´ sin ® D 21V¸=n (18a)

1» sin ® ¡ 1´ cos ® D 1Vr =n (18b)

where 1» D OA cos O®P ¡ A cos ®P and 1´ D OA sin O®P ¡ A sin ®P .
These equations provide the solution for the effect on orbital ec-
centricity and argument of perigee when � ring the thrusters.

Frozen Orbit Conditions as Functions of Epicycle Parameters
The frozen orbit solutionsobtained from the simple analysiswith

only J2 and J3 terms included may not be accurate enough in prac-
tice, especiallyfor orbitswith inclinationsclose to the criticalvalue.
The analysisof frozen orbits throughthe epicycleparametersallows
us to simply include higher terms of zonal harmonics.

In the evaluation of frozen conditions, we consider only secu-
lar and long-periodic perturbations. The short-periodic variations,
therefore, can be averaged out. Only the variation caused by � rst
order in J2 is taken into account because its magnitude is approx-
imately 103 times larger than other higher terms. The J2 short-
periodic variation can be averaged out by integrating over half an
orbital period.

We de� ne the half-orbit average of a quantity Q.®/ varying
around the orbit as

NQ D 1

¼

Z À C ¼

À

Q.®/ d®

where À is an arbitrary phase. The in-plane motion in Eq. (4) with
the short-periodic variations in Eq. (11) included can be averaged
to give

Nr D a.1 C ½/ C .2A=¼/ sin.º ¡ ®P / C aÂ cos¯ (19a)

Ņ D 1
2 .1 C ·/.¼ C 2º/ C .4A=a¼/ cos.º ¡ ®P /

C .2A=a/ sin ®P ¡ 2Â ¡ 2Â cos¯ (19b)

By setting º D ° ¡ ¼=2, Eq. (19) can be rearranged as

Nr D a.1 C ½/ ¡ NA cos.° ¡ ®P / C aÂ sin ¯ (20a)

Ņ D .1 C ·/° C .2 NA=a/[sin.° ¡ ®P / C sin ®P ]

¡ 2Â.1 ¡ cos ¯/ C .2=a/.A ¡ NA/ sin ®P (20b)

where NA D 2A=¼ . Both the radial and azimuthal equations are now
formally identical to Eqs. (4) but without the short-periodic terms.
In the azimuthal equation, there is the addition of a constant term.
Equations (20) can be further rearrangedby combining the epicycle
and long-periodic terms as

Nr D a.1 C ½/ ¡ G cos.° ¡ !/ (21a)

a Ņ D .1 C ·/° ¡ .2G=a/[sin.° ¡ !/ C sin !] C Ņ
0 (21b)

where Ņ
0 D .2A=a/ sin ®P ¡ 2Â and G and ! relate to NA and ®P

through

G cos ! D NA cos.®P C ·° / (22a)

G sin ! D NA sin.®P C ·° / C aÂ (22b)

We have now formulated the averaged perturbed in-plane equa-
tions of motion to give forms equivalent to the two-body equa-
tions (12). The eccentricityand argumentof perigee are represented
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Fig. 2 Orientation of G and !, orientation of eccentricity and argu-
ment of perigee, respectively, around the frozen conditions.

Fig. 3 Rotation modes of the eccentricity vector.

through G and !, respectively,which now vary with time in inertial
space. The evolution of the eccentricity vector is shown in Fig. 2 in
the [»; ´] plane, where » D G cos ! and ´ D G sin !. The evolution
is circular around a constantpoint � xed in inertial space (marked by
the point E/. The center of the circle is de� ned by the long-periodic
perturbation term, Â , and is located at [0; aÂ]. The radius of the
circle is de� ned by the epicycle radius, and NA ¢ ! »D ®p C ·° de-
� nes an instantaneous state. The rotation rate around the circle is
·n. Note that, at least to this level of approximation, whereas the
circle center and rotationfrequencydependon the long-periodicand
secular perturbation effects, respectively, the radius of the circle is
not a function of any geopotentialperturbation terms.

As shown in Fig. 2, the eccentricity and argument of perigee
oscillate around a stablepoint E . However, if the radius of the circle
is greater than the line O E , then ! appears to rotate through360 deg
rather than librate abound 90 deg. From the preceding discussion
the motion modes of the eccentricity vector can be summarized in
Fig. 3. Whereas the sign of · affects the direction of the motion,
the magnitude of Â de� nes whether the argument of perigee will be
rotating or librating around the frozen value.

In the case where the initial conditions are exactly at point
E , the eccentricity vector is frozen. The frozen eccentricity and
frozen argument of perigee can be de� ned through G cos ! D 0
and G sin! D aÂ . The � rst equation � xes ! D 90 or ¡90 deg, and
hence,

G D §aÂ (23)

Fig. 4 Frozen eccentricity as function of orbital inclination at
a = 7028 km; vertical line marks critical inclination 63.4 deg.

Fig. 5 Frozen eccentricities at inclinations around 64.57 deg; various
solutions when terms up to J11 are included in the computation of Â.

The frozen orbit solution is a function of orbital inclination and
radius. Figure 4 shows the frozeneccentricityagainst inclinationfor
an epicycle radius of a D 7028 km. The different frozen solutions
when different odd zonal harmonics are included are also shown in
Fig. 4. We can see that the frozen eccentricity does not vary sig-
ni� cantly at low inclinations, but there are large variations as the
orbital inclination approaches criticality. This suggests that higher
terms than J3 are needed to evaluate the frozen orbit solution, espe-
cially in the vicinityof the critical inclination.These resultsare sim-
ilar to Cook’s2 when terms up to J9 were included. Figure 5 shows
the frozen eccentricityfor some inclinationsaround I0 D 64:57 deg.
(This is the operational inclinationof the UoSAT-12, which will be
used for the demonstration in the next sections.) The negative sign
suggests that the frozen argument of perigee at these inclinations
is at ! D ¡90 deg. At I0 D 64:57 deg, odd zonal harmonics up to
J25 may be required for the evaluationof a frozen orbit as shown in
Fig. 6.

Optimal Transfer to Frozen Orbit
Optimal Single-Burn Strategy

After evaluating the frozen orbit conditions for a satellite in a
near-circular orbit, we now determine the optimal strategy for ma-
neuvering a satellite from its initial orbit into frozen orbit. We may
treat Fig. 2 as a vector addition problem. The eccentricity vec-
tor of an orbit at some instant is represented by OP and needs
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to be changed to OE for frozen conditions. Therefore, we need
to add the vector PE as the result of an orbit maneuver. To pre-
serve the semimajor axis and inclination, a dual-� ring strategy can
be employed for generating such an eccentricity vector change,
and the delta-V requirement and phase for � ring may be found in
Ref. 15.

In general, the frozen solution is more sensitive to the change in
inclination than the change in orbital size. We can see from Fig. 5
that, at anorbitarounda D 7028kmand I0 D 64:57deg,only0.1-deg
change in inclinationcan cause the difference in frozen eccentricity
up to 0.001, whereas, in Fig. 7, it changes less than 1 £ 10¡5 for
10-km change in semimajor axis. With the orbital inclination as-
signed, in principle, one can transfer a satellite orbit toward frozen
conditions by applying only a single in-plane � ring to change its
eccentricityvector. However, the single-burnstrategy can be useful
only when the differencebetween the initial conditionsof the satel-
lite orbit and the frozen conditions is not too large and the effect
on the frozen conditions of the change in semimajor axis after the

J D 2
q£¡

1
4

¢
1´2 C 1» 2

¤
sin2 ® C

£¡
1
4

¢
1» 2 C 1´2

¤
cos2 ® ¡

¡
3
2

¢
1´1» sin ® cos® (25)

Fig. 6 Convergence of the frozen eccentricity solution as more odd
zonal harmonics are included in Â, for an inclination of 64.57 deg.

Fig. 7 Frozen eccentricity as a function of altitude.

� ring can be neglected.The change in semimajor axis for some mis-
sions, however, may be unacceptable, for example, those missions
that require exact repeat groundtrack. In such a case, a dual-� ring
strategy may be employed.

The delta-V vector required for the single-burn strategy varies
according to the � ring phase. The changes 1» and 1´ required
to put the satellite into frozen orbit determine directly the thrust
vector required from Eq. (18). The resulting thrust vector is clearly
a function of the orbital phase ®. We can see from Fig. 8 how the
in-planedelta-V components,as well as the total delta-V magnitude
required for changing to frozen conditions, vary with the epicycle
phase of � ring.

Let us introduce a cost function to be minimized as

J D .2=n/
p

.1V¸/2 C .1Vr /2 (24)

SubstitutingEq. (18) into thecost functionand rearrangingtheequa-
tion, we obtain

Minimizing this cost function with respect to the epicycle phase ®,
we obtain .1» 2 ¡ 1´2/ sin ® cos ® ¡ 1´1».cos2 ® ¡ sin2 ®/ D 0,
which can be rearranged to give the optimal � ring phase ®opt as

tan 2®opt D 21´1»

1» 2 ¡ 1´2
(26)

To satisfy the optimal condition in Eq. (26), we can set

1´ D C sin ®opt (27a)

1» D C cos ®opt (27b)

where C is a constant.
SubstitutingEq. (27) back into (25), we obtain the minimum cost

function

Jmin D 2
q

1
2
C2.sin4 ® C cos4 ® C 2 sin2 ® cos2 ®/ D C (28)

and, from Eq. (27),

Jmin D
p

1´2 C 1» 2 (29)

Fig. 8 Variation of delta-V components and total delta-V magnitude
at different � ring phases using single-burn strategy.
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Fig. 9 Orientations of mean eccentricity and argument of perigee at
the operational orbit of a = 7028 km and I0 = 64.57 deg; numbers are
minimum delta-V requirements in meters/second for maneuvering the
orbit at any point along the contour toward the frozen conditions.

The delta-V magnitude relates to the cost function through

1V D .n=2/J (30)

The minimum delta-V magnitude required at the optimum � ring
phase is

1Vmin D .n=2/
p

1´2 C 1» 2 (31)

Under frozen conditions,cos ! D 0. The minimum delta-V require-
ment can then be formulated in terms of initial [ei ; !i ] and � nal
[e f ; ! f ] conditions as

1Vmin D .v=2/

q
e2

i C e2
f ¡ 2ei e f sin !i (32)

where v is the along-track velocity.
From Fig. 2 we can see that to transfer a satellite from any initial

conditions along the contour to the frozen conditions requires the
same magnitude of change in the [»; ´] plane. Equation (31) shows
that the minimum delta-V is also proportionalto this quantity for an
epicycleorbit.Therefore,undera zonalgeogravitationaldisturbance
force, the minimum delta-V required for frozen orbit transfer will
not vary with time. The [e; !] contour is equivalent to the contour
of minimum delta-V requirement as shown in Fig. 9. The numbers
labeled on each contour is the minimum delta-V requirement in
meters per second for maneuvering the orbit at any point along
the contour toward the frozen conditions. Note that, although the
argument of perigee evolves secularly for some orbits in Fig. 9,
the eccentricityvaries in such a way that the delta-V requirement is
the same evenwhen ! reaches the frozenvalue.Also note that, at the
optimal � ring phase, the required radial delta-V component is zero
and that the delta-V required is purely in the along-track direction.
This can be easily seen by substituting Eq. (27) into Eq. (18), or
from Fig. 8.

Optimal Multiple-Burns Strategy
The problem of small satellites is that they have limited capacity

in their propulsionsystems.To transfer a small satellite into a frozen
orbit by using the optimal single-burnstrategydescribedis generally
not possible if the initial conditions are not particularlyclose to the
frozen state. Instead, a series of small burns can be used to move
a satellite gradually toward frozen conditions. Figure 10 shows the
effect of a single small thruster burn.

With a � xed delta-V capacity, at each step the magnitude and di-
rection of the eccentricity change varies with the delta-V direction

Fig. 10 Geometry of the multiple-burn strategy.

and � ring phase. To use each small burn most effectively for ma-
neuvering the orbit toward frozen conditions, the delta-V should be
� red so that the eccentricity vector changes in the steepest descent
toward the target conditions.From Eq. (18), the changes in epicycle
parameters 1» and 1´ resulting from a given delta-V are

1» D .21V¸=n/ cos ® C .1Vr =n/ sin ® (33a)

1´ D .21V¸=n/ sin ® ¡ .1Vr =n/ cos ® (33b)

The cost function for the optimizationproblem can be introduced
as the dot product between the required eccentricity vector change
and the actual change according to a small impulsive delta-V . The
� xed delta-V magnitude is also adjoined into the cost function as a
constraint:

J D 1´ fk ¢ 1´k C 1» fk ¢ 1»k C ¸V

¡
1V 2

¸ C 1V 2
r ¡ 1V 2

¢
(34)

where ¸V is the Lagrange multiplier, 1´ fk D ´ f ¡ ´k , and 1» fk D
» f ¡ »k , where ´k and »k are instantaneousstates before each � ring
and 1´k and 1»k are the predicted changes. Substituting Eqs. (33)
into (34), we obtain the cost function as a function of delta-V com-
ponents and � ring phase:

J D 1´ fk [.21V¸=n/ sin ® ¡ .1Vr =n/ cos ®]

C 1» fk [.21V¸=n/ cos ® C .1Vr =n/ sin ®]

C ¸V

¡
1V 2

¸ C 1V 2
r ¡ 1V 2

¢
(35)

By setting the partial derivative of the cost function with respect to
each variable to be zero, that is,

@ J

@®
D

@ J

@1V¸

D
@ J

@1Vr
D

@ J

@1¸v

D 0

we obtain a set of four equations to be solved for the optimal � ring
conditions:

1´ fk [.21V¸=n/ cos® C .1Vr =n/ sin®]

C 1» fk [¡.21V¸=n/ sin ® C .1Vr =n/ cos ®] D 0 (36)

1V¸ D ¡.1=n¸V /
¡
1» fk cos® C 1´ fk sin ®

¢
(37)

1Vr D ¡.1=2n¸V /
¡
1» fk sin ® ¡ 1´ fk cos ®

¢
(38)

1V 2
¸ C 1V 2

r D 1V 2 (39)

Substituting Eqs. (37) and (38) into Eq. (36) and rearranging the
resulting equation yields
¡
3
¯

2n2¸V

¢£
1
2

¡
1» 2

fk
¡ 1´2

fk

¢
sin 2® ¡ 1´ fk 1» fk cos2®

¤
D 0 (40)
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which can be immediately solved for the optimal � ring phase as

tan 2®optk D 21´ fk 1» fk

1» 2
fk

¡ 1´2
fk

or

tan ®optk D 1´ fk =1» fk (41)

The relations between 1´ fk ; 1» fk and ®optk can be found as

1´ fk D C sin ®optk (42a)

1» fk D C cos ®optk (42b)

where C is a constant. Now substituting Eq. (42) into Eq. (38), we
obtain the optimal delta-V components as

1Vr D 0 (43)

and from Eq. (39)

1V¸ D 1V (44)

When the precedingoptimal solutions are substituted into Eq. (37),
the Lagrange multiplier can be found as a constant:

¸V D ¡.C=n1V / (45)

The ratio between the required change in ´ to » is always con-
stant at every � ring step. Thus, according to Eq. (41), the optimal
� ring phase measured from the equator is � xed. To prove this, let
us consider the relationship of the changes at a � ring step k and its
successive step k C 1:

tan ®optk C 1
D

1´ fk C 1

1» fk C 1

D
1´ fk ¡ 1´k

1» fk ¡ 1»k
(46)

SubstitutingEqs. (42)and (33)with theoptimaldelta-V components
from Eqs. (43) and (44) into Eq. (46), we obtain

tan ®optk C 1
D

C sin®optk ¡ .21V =n/ sin ®optk

C cos®optk ¡ .21V =n/ cos®optk

D tan ®optk (47)

Figure 11 shows the states move from arbitrary initial conditions
toward the frozen state along a steepest descent path with a � xed
epicycle phase at � rings. The � ring locations along the orbit are
approximately� xed in inertial space.All small burns can be thought
of as an idealizedsingle impulsiveburn to frozenorbit,which would
occur at this same inertial position, broken up into small steps to
make them executable by a low-thrust spacecraft.

Fig. 11 Optimal � ring phase for multiburn strategy.

Frozen Orbit Transfer of UoSAT-12
The studyof frozenorbit insertionforUoSAT-12by usingoptimal

multiple small burns will be given as an example here. The UoSAT-
12, a 300-kg minisatellite,16 was launched into a near-circularorbit
at the altitudeof approximately650 km and inclinationof 64.57deg.
The spacecraft acceleration when using two cold-gas thrusters is
around 1 mm/s2; thus, if we assume that a burn length of 5 min
is the longest that can be approximated as impulsive, taking as it
does roughly 18 deg of an orbit, the largest near-impulsive burn
achievable by the satellite is only around 0.3 m/s. Consequently, if
the satellite is to be transferred to frozen orbit, the maneuver must
be broken down into a sequence of small burns of no more than
0.3 m/s.

Figure 12 shows the resulting optimal transfer from an initial
conditionsof e D 0:0025and ! D 311:9 deg to the frozen conditions
(Fig. 6), at e D 0:0016and ! D 270deg:Each symbolcorrespondsto
the orbital conditionsproduced by each 0.3-m/s burn, except for the
last burn, which requires only 0.06 m/s. Figure 13 shows the same
change but in [e cos!; e sin !] coordinates.With the epicyclephase
� xed according to Eq. (41), in the initial stage of � ring the optimal
approach mainly affects the eccentricity. In the later stage, as the
frozen orbit insertion approaches completion, it is the argument of

Fig. 12 Orientation of eccentricity and argument of perigee toward
frozen conditions.

Fig. 13 Orientation of eccentricity and argument of perigee toward
frozen conditions ([e cos !; e sin !] coordinates).
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Fig. 14 Orientation of osculating eccentricity and argumentofperigee
of UoSAT-12 orbit after insertion into the frozen conditions of e = 0.0016
and ! = 270 deg; zonal geopotential terms up to J36 included in numer-
ical orbit integration.

perigee the changes most. The minimum delta-V requirement can
be calculated from Eq. (32) to be 6.35 m/s. This is exactly the same
as the total delta-V required for the multiburn strategy where the
� ring has been divided into 22 steps. Theoretically, the minimum
time that the transfer process requires is 22 orbital revolutions, that
is, the � ring takes place every orbit at the same � ring phase. In
such a case, however, the spacecraftmay require autonomous � ring
operation.The time between the consecutive� rings can be extended
according to the mission operation plan, and as shown in Eq. (32)
and Fig. 9, the total delta-V requirement for the orbit transfer does
not change.

Finally, Fig. 14 shows the variations in osculating eccentricity
and argument of perigee after the orbit insertionstage. As a demon-
stration, the simulationsare run for 3 yearsby usinga precisionorbit
integrator.18 The zonal geopotential terms up to J36 are included. It
can be seen that, after the orbit insertion, neither secular nor long-
period variations appear during the simulation period. The small
rotations in e and ! around the frozen conditionsare only due to the
short-periodicperturbations.

Conclusions
We haveanalyzedthedynamicsof frozenorbits throughtheepicy-

cle elementset.The frozenconditionscan be foundanalyticallywith
an arbitrary number of zonal harmonics included. We have shown
that the minimum delta-V required for placing a satellite from arbi-
trary initial conditions into a frozen state does not depend on time.
We have proposed the optimal strategy for frozen orbit transfer of
low-thrust satellites. We use a series of small impulsive burns to
shape the orbit step by step toward the frozen state. The � ring phase

is selectedto minimize fuel usage.We haveproven that, althoughthe
true anomaly is changing, the � ring location is approximately� xed
in inertial space for all burns, and the total delta-V required by this
strategy is not greater than that required by the optimal single-burn
strategy.
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